Theorem. Let P(x, D} be Remark. We can easily extend the results of this paper to determined systems of differential operators of type (s, t) in the sense of Douglis and Nirenberg for which the determinant of the principal parts satisfies the hypothesis we have made in the case of one equation. It is also clear that the results given here can be extended to two-dimensional manifolds, since everything is invariant under diffeomorphisms. § 2. Preliminaries
We shall first list some elementary facts concerning improving estimates and the condition (A).
1°. The validity of an improving estimate is a local property. Application of a partition of unity shows that an improving estimate holds in H, if it is valid for some neighborhood of any point in O.
2°. From the invariance of the spaces H s under diffeomorphisms, it follows that the validity of an improving estimate is an invariant property.
3°. Lower order terms are irrelevant for the validity of an improving estimate.
4°. Since the values of the Poisson bracket do not depend on the choice of local coordinates, the values of k p (x, £) are invariant under a change of variables, and so is the condition (A).
5°. 
In particular, «e^X(Il) and PweC°°(n) implies weC°°(n).
We shall now study the condition (A) for a product of operators. The main point is the following proposition. It follows from (A') that e is a C°° function outside the diagonal in nxn.
For simplicity we write X and dX instead of (x, y) and dxdy. If (k + T)p<l, these integrals are convergent. Furthermore
••« ds
Hence the left hand side of (4. 6) is estimated by a constant independent of X=(x 9 y) in «. The inequality (4.4) with p = 0 follows from (4.4) with p>0. The proof of (4.4) is complete. The proof of (4.4) 7 is similar to that of (4.4).
In order to prove the inequality (4. 5), we observe that (4.7) w' w"
for every p, O^gpfgl, and any two non-zero complex numbers w r and w", as is easily verified. We shall set w / = e~1(X / ; X\ w" = e-\X" ; X)
in (4. 7). Since
1) The use of the preparation theorem was suggested by Prof. Y. Kato.
This completes the proof of Proposition 4. 2.
Proposition 4. 3. E is a left parametrix for P in the following sense :
There exists a constant C such that \\\EPu-u\\\ p^C \\u\\ Q , Proof. We use the following identity
where *P is the formal transpose of P,
Substituting e(x' 9 / ; x, y) for v(x, y) and using Stokes formula, we obtain, for every
8^0 Jŵ
here r s is the contour of the square x -x'\ ^8, \y-y f \ ^£. First we shall show that the second term on the right hand side of (4.8) is equal to u(X'). Since
we see that -u(x', y*)b(x, y'}}dx-(u(x, y) -(u(x C*/ Since I 6(2:, y'}dz is a strictly monotone decreasing function of We shall denote the first term on the right hand side of (4. 10) by r^X' ; X) and the second by r 2 (X' ; X). It follows from Proposition 4.2 that HMIp^CIMI,, «eCo(o>).
We need an inequality of the type (4. 5) for r l . If we set i/=27 f (b(x, y )-b(x,y')-), v"=27t(b(x,y}-b(x, y") and «$#i°5. C i/2)p(a>)-It follows from §2, 5°, (c) that an improving estimate does not hold for P. We have thus proved the necessity of the condition (A).
Remark. When there is a point (x, y ; £, 17) such that k p (x, y ; £, ??) is finite and odd, then we need only assume that the coefficients of p are C°° functions [4] .
